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Abstract. We consider the energy functional on the space of sections of a sphere bundle 
over a Riemannian manifold (M, {■,■)) equipped with the Sasaki metric and we discuss the 
characterising condition for critical points. Likewise, we provide a useful method for comput- 
ing the tension field in some particular situations. Such a method is shown to be adequate 
for many tensor fields defined on manifolds M equipped with a G-structure compatible with 
(•,•). This leads to the construction of a lot of new examples of differential forms which are 
harmonic sections or determine a harmonic map from (M, {•,•)) into its sphere bundle. 

Keywords and phrases: energy of sections, harmonic section, harmonic map, G-structure, 
intrinsic torsion, minimal connection, almost Hermitian manifold, almost contact metric 
manifold, Riemannian curvature 

2000 MSG: 53C20, 53C10, 53C15, 53C25 



Contents 



1. Introduction 1 

2. Preliminaries 3 

3. Harmonicity of sections of sphere bundles 3 

4. Differential forms as harmonic maps 7 

5. Examples of harmonic maps 8 

5.1. Nearly Kahler 6-manifolds 9 

5.2. Nearly parallel G2-manifolds 10 

5.3. a-Sasakian manifolds 11 

5.4. 3-a-Sasakian manifolds 12 

5.5. b-Kenmotsu manifolds 15 

5.6. Locally conformal parallel p-forms 16 
References 21 



1. Introduction 

The energy of a map between Riemannian manifolds is a functional which has been widely 
studied by diverse authors [9, 10, 31]. Critical points for the energy functional are called 
harmonic maps and have been characterised by Eells and Sampson [11] as maps whose tension 
field vanishes. 
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For a Riemannian manifold (M, (•, •)), we denote by {TiM, (•, ■)^) its unit tangent bundle 
equipped with the Sasaki metric (•,-)'^ [1]- Thinking of unit vector fields as sections M 
TiM, if M is compact and oriented, one can consider the energy functional as defined on 
the set jti(M) of unit vector fields. Critical points for this functional give rise to the notion 
of harmonic unit vector field. The condition characterising harmonic unit vector fields has 
been obtained by Wiegmink [33] (see also Wood's paper [34]). It is interesting to note that 
harmonic unit vector fields are not necessarily critical points for the energy functional on the 
space of all maps M —>■ TiM. A harmonic unit vector field will also be harmonic map if and 
only if certain condition involving the curvature of M is satisfied. 

In this paper we consider the energy functional defined on the space of sections of Rie- 
mannian vector bundles E — > M, equipped with a metric which generalizes the Sasaki metric. 
In [15], Gil-Medrano et al. considered the energy functional defined on (r, s)-tensorial bundles 
on M which is a particular case of the vector bundles considered here. The characterising 
condition of critical points for the energy functional on the space of sections of sphere bun- 
dles was shown in [29]. This gives rise to the notion of harmonic section of a sphere bundle. 
Additionally, we analyse when such harmonic sections are also harmonic maps. In particular, 
we will show a method, mainly based on Lemma 3.3, for computing the tension field which is 
adequate for many situations. Concretely, when we consider Riemannian manifolds (M, (•, •)) 
equipped with some G-structure compatible with the metric (•, •). It is well known that, as- 
sociated with many such G-structures, there are tensors ^' of constant length stabilised by 
the action of the Lie group G. For many of those ^, our method proves to be efficient for 
computing their corresponding tension fields. 

Some of the tensors playing the role of ^ are: the Kahler form of an almost Hermitian 
structure, the fundamental three-form of a G2-structure, the real and imaginary parts of the 
complex volume form of a special almost Hermitian structure, etc. So that we analyse the 
harmonicity of sections "if of sphere bundles both as sections and as maps. If the intrin- 
sic torsion of the G-structure vanishes, the harmonicity in both senses trivially follows. 
Therefore, we study examples defined on manifolds equipped with a G-structure such that 
^ 0, but with a geometry strongly conditioned by the G-structure. Thus, we have found 
examples of harmonic sections and harmonic maps into sphere bundles defined on manifolds 
with G-structure such that their respective intrinsic torsions have to be contained in a one- 
dimensional G-module (in many cases, this implies that the manifold is Einstein): nearly 
Kahler 6-manifolds, 7-manifolds with nearly parallel G2-structure, Sasakian manifolds, Ken- 
motsu manifolds, etc. 

Finally, we focus attention on manifolds equipped with a locally conformal parallel G- 
structure. The geometry of such manifolds is very conditioned by a closed one-form, called 
the Lee form. Thus, for such geometries, we have found tensor fields which are harmonic 
sections of sphere bundles. Furthermore, for some of them, if the Lee form is parallel, then 
they are also harmonic maps. 
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2. Preliminaries 

The energy of a map / : (M,{-,-)m) — ^ {^i{'i')n) between Riemannian manifolds, M 
being compact and oriented, is the integral 

m = l [ \\f*fdv, (2.1) 

where ||/*|| is the norm of the differential /* of / with respect to the metrics (•,-)m, {'■,')n 
and dv denotes the volume form on (M, (•, •)m)- On the domain of a local orthonormal frame 
field {ei,...,e„} on M, dimM = n, can be expressed as = {f*ei, f*ei)N , where 

the summation convention is used. Such a convention will be followed in the sequel. When a 
risk of confusion appear, the sum will be written in detail. 

The critical points of the functional £ on C^{M,N) are known as harmonic maps and, 
when M is closed, they have been characterised as maps with vanishing tension field. The 
tension of / is the vector field r(/) along / which can be locally expressed as 

r(/) = Ve,(/*e,) -/*Ve,ei, (2.2) 

where V denotes the induced connection., compatible with {•,-)n, on the induced vector bundle 
f*TN = {{x, v)\x eM, V e Tf^^)N} of TN by /. Here, the fibre on x in f*TN is identified 
with Tf(^^^N and the Equation (2.2) is understood in this way. Then r(/) is a smooth section 
of f*TN. Denote by T°°{f*TN) the space of all smooth sections of f*TN, also known as 
the space of all variational vector fields along /. Such a space can be regarded as the tangent 
space TfC°°{M, N) at / of the manifold C~(M, N). _ 

UN CN is a regular submanifold of such that /(M)_C N, then / belongs to C°°{M, N) 
and the tangent projection tan{V) of F G T°^{f*TN) to is a vector field along f : M N. 
Moreover, for X £ X(M) and V € r°^(/*riV), we get tan(V^F) = vf where and 
respectively denote the induced connections via f : M ^ N and via f : M N. Hence, 
tan t(/) is the tension field oi f : M ^ N and we have 

Lemma 2.1. The map f : (M, (•, ■)m) {N, (•, ■)n) is harmonic if and only if the tension 
field of f : (M, (•, ■)m) {N, (-, •)jv) is orthogonal to N. 

3. HARMONICITY OF SECTIONS OF SPHERE BUNDLES 

Let TT : E ^ M be a vector bundle over an n-dimensional Riemannian manifold (M, (•, •)) 
with typical fibre = F™, where F = M or C and denote by L{E) the principal frame bundle 
of E. A point p of -L(E) is a pair {x;pi, . . . ,Pm) where x & M and {pi, . . . ,Pm} is a basis of 
E-r. We consider a metric connection T : p £ i(E) i— ^ J{p C rj,L(E), with respect to a fibre 
metric on E, which we will also denote by (•, •). 

For each v G K^, the corresponding horizontal subspace !Kv of T^E is defined as "Ky = 
{4>\)*p^p, where {p, A) e L(E) x F"* with v = Y,i ^'Pi and is the mapping 0a : L(E) — *• E 
given by (p{q) = Yli^^li-: fo'^ all g G L(E). Hence, we obtain that Tt,E is decomposed into 
T,,E = Jiy being V,,,, the vertical subspace Vy = TuE^,., and (M, (•, •)) acquires a covariant 
derivative V on the space of the smooth sections r°°(E) on E by using of the notion of parallel 
displacement of fibres of E. Because F is a metric connection, it follows that V is compatible 
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with (•, •), that is, it satisfies 

X{ai,a2) = {Vx(Ti,a2) + {(Ti,Vx(T2), (3.1) 

for all vector field X on M and cti, (T2 € r°°(E). Moreover, we define (Vai, Vc72) in terms of 
local orthonormal tangent frames {ei, . . . , e„} by the expression (Vo"i, Vcr2) = (VeiUi, VeiCr2). 

The manifold E admits a Riemannian metric which generalises the Sasaki metric of the 
tangent bundle, see [1]. It will be denoted by (•, ■)'^ and, for ^1,^2 £ TyK, it is defined by 

(6,6)^ = (^*(a),7r*(6)) + (3.2) 

where K : TK ^ E is the connection map [28] of the connection on E associated with F. 
We recall that such a map is given by K{^) = i(4^), where is the vertical component of 
^ G TE and i is the projection i : TE E defined by L{rj) = for all r/ G ?{ and t(it„) = u, 
for all Uy G V„, being = a'(0) and a{t) = v + tu. In particular, if a is a smooth section 
a G r°°(E), one obtains that K{a^X) = Vxo", for any vector field X G X(M). 

If M is compact and oriented, the energy functional of a smooth section a G r°°(E) is 
defined as the energy of the map a : (M, (-, •)) —>■ (E, (•, ■)^). Then, from (2.1) and using (3.2), 
the energy £((7) of a can be expressed as 

£(a) = ^Vol(M) + J / WVafdv. 

2 2 Ji^ 

The relevant part of this formula, B{a) = \ Jj^ \\Va\\'^dv, is usually called the total bending 
of the section a. It is immediate that B : r°°(E) ^ R is always non-negative and -6(17) is zero 
if and only if a is V-parallel. Thus, the notion of total bending provides a measure of how a 
section of tt : E ^ M fails to be parallel. 

Each smooth section a G r°^(E) determines a vertical vector field cr^^^* on E given by 
^vert _ fj(^x)v G Vy, for all V G E^;, and likewise, each vector field X on M can be lifted to a 
horizontal vector field X^°^' on E, its horizontal lift. 

In the sequel, we will make use of the musical isomorphisms b : TM T*M and ft : 
T*M TM, induced by the metric (•, •), respectively defined by X'' = {X, •) and {9^, •) = 9. 

The tension field T{a) of a has been characterised in [15] as follows 

r(a) = ((i?(.,(.,)))«)''" oa- (V*Va)-'-*°a, 
where R(^a, {■,■)) is the one-form on M given by 

RiaA.,)){X) = {Rx^e,(T,V,.a), (3.3) 

for any vector field X on M, where {ei, . . . ,e„} is an orthonormal frame field and V*V(T is 
the connection Laplacian (or rough Laplacian) [21] defined by 

V*Vcr = - (VV) 

Here Rx,Y^ — ^[x,y]0" — VxVycr + Vy Vxo" and (V^a-)x,y = VxVycr — V(v^y)0'. Hence, 
the map a : {M, {■, •)) (E, (•, ■)^) is harmonic if and only if R(^cr,{-,-)) = and V*V(7 = 0. 
Because for M compact, the connection Laplacian of a vanishes if and only if a is parallel 
(see [21, page 154]), it follows that a is harmonic if and only if a is parallel. 

A critical point a G r°^(E) of the restriction £ : r°°(E) — > iR of the energy functional to the 
space of sections is called a harmonic section. Consider at G r°°(E) a smooth variation of a 
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through sections. Then the corresponding variation vector field x G M i— >■ V{x) = ■^^f^QO't{x) 
is a section of the induced bundle a*V of the vertical subbundle a*V C TE. Using the first 
variation formula 

^ ncrt) = ~ [ {V,Tia)fdv, 
at \t=o Jm 

critical points a G r°°(E) of the restriction of £ to r°°(E) are characterised by the vanishing 
of the vertical component of their tension. Hence, we can conclude 

Proposition 3.1. Let vr : E — > M 6e a vector bundle with a metric connection over a closed 
and oriented Riemannian manifold and a G r°°(E). Then the following statements are equiv- 
alent: 

(i) the map a : (M, (•, •)) (E, (•, ■)'^) is harmonic; 

(ii) a is a harmonic section; 

(iii) a is parallel. 

Denote by Sf:{r) the sphere bundle of radius r > in E consisting of those elements v €K 
with \\v\\ = r. It is a subbundle and also a hypersurface of E. For each a G r°°(S'E(r')), 
icr^er-tofj is a unit normal vector field to SE{r) along a and the tangent projection tan r((j) 
of t((t) to S'E(r) is given by 

tanr((7) = r(a) - ^(r((7),(7''^'^* 0(7)^(7"^''* °(j 

= )") (V* Va)^^'^* o a + ((V* Va)''^''* o a, a'"""''^ o 0)^0"^''^ o a 

= (^(V*Va,a)a- V*Va)"'* c^. 

Hence, using Lemma 2.1, we have (see also [15]) 

Proposition 3.2. Let tt : E — > M 6e a vector bundle with a metric connection over a closed 
and oriented Riemannian manifold and a G T°°{S-E{r)). Then, we have: 

(i) the map a : {M, {■■■)) ^ (SEir), {■, ■)^) *s harmonic if and only if R[a,(-,-)) = ^'^t^ 
V*V(T is collinear with a. 

(ii) a is a critical point of E restricted to r°°(S'E(r)) if and only ifV*Va is collinear with 
a. 

For general Riemannian manifolds (M, (■,•)), not necessarily closed and oriented, a sec- 
tion of S^ir) satisfying this last condition is called a harmonic section of the sphere bundle 
S^ir). If a harmonic section a is such that R(^f^^(^.^.y^ = 0, then it is also a harmonic map into 
(>S'e(''); •)'^)- In such a case, we refer to cr as a harmonic map into a sphere bundle. 

Let (Vcr)^ : r°°(E) — > X{M) be the transpose operator of Vcr with respect to (•, ■) defined 

as 

((Va)V,^) = (V', Vx't), if G r°°(E), X G X(M). 

The following identity relating the connection Laplacian and the transpose operator is satisfied 
[21, page 155] 

(V*Vc7, ip) = -div (V(7)V + (Vcr, Vip), (3.4) 
which motivates the notation chosen for the connection Laplacian. 
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If \\a\\ = r, then (3.1) implies that (V(t)*(T = 0. Therefore, using Equation (3.4), we have 
(V*Vo", o") = ||Vcr|p. Hence, a G V°°{Sw,{r)) is a harmonic section of S-E{r) if and only if 

V*Va = ^\\Vafa. (3.5) 

The next result will be useful in the discussion of some examples to decide whether a 
harmonic section is a harmonic map. 

Lemma 3.3. Given a harmonic section a of the sphere bundle S^ir), the one-form R(cr,(-,-)) 
defined in Equation (3.3) can be also written as 

Moreover, if (Vxf , Vycr) is locally expressed by 

n 

{Vx(T, Vya) = J2 ® e\{X, Y), 
1=1 

where {ei, . . . , e„} is a local orthonormal frame field and fei, . . . , fc„ are smooth functions, then 

n n n 

%,<v)) = E^'^^^^*) + 12^^' - e,)}4 - kj). (3.7) 

1=1 j=i j=i 

In particular, ifki = • • • = A;„ = A, where X is a (non-negative) constant, then a is a harmonic 

map tnto {Sf:{r), (•,•)). 

Proof. Prom (3.3), using the definition of the curvature operator, we have 
%,(v»W = ((VV)e„X, Ve,a) - ((VV)x,e, , Ve,a). 
Prom this identity, it is immediate to derive 

= (Ve,(VxCT), Ve,C7) + (V[x,e,]^, Ve.cr) - (Vx(Ve,a), Ve.a). 
Now, (Vx(VeiCr), VeiCr) = {\\Va\\^) and, by Equation (3.4), we have 

%,(.,.» W = div ((Va)tVxa) + (V*Va, Vx<t) + (V[x,e,]^, Ve,a) - (||Vaf ) . 

Therefore, using (3.5), Equation (3.6) follows. To show Equation (3.7), we directly apply 
(3.6), taking into account that (V(T)*VeiCr = fcje,. □ 

Pinally, we give the first and the second variation formula or the Hessian form of the energy 
functional £ restricted to the set of all sections of the sphere bundle. Firstly, we note that 
r°°(E) is a module over the ring of F-valued functions and, for each a G T°°{SE{r)), one 
obtains the decomposition r°°(E) = V{a)'^ © V((t), where V(a) is the submodule spanned by 
a and V{a)^ is the orthogonal complement to a on r°°(E), with respect to the metric fibre 
in E. Then r°°(5'E(r)) can be endowed with a structure of Frechet manifold compatible with 
its C°°-topology such that each a G r°°(S'E(r)) is contained in a chart modelled on V{a)'^ 
and, consequently Tf^r°° {SE{r)) = V{a)'^. Moreover, a smooth variation at, t £] — e,e[, of a 
through sections of S^ir) can be regarded as a smooth curve 7 : 1 1— >■ ^(t) = at in r'^(S'E(r)) 
with 7(0) = a and 7'(0) G V{a)^. 
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Proposition 3.4. Let n -.M ^ M be a vector bundle with a metric connection over a closed 
and oriented Riemannian manifold and let £ : T°°{SE{r)) — ^ R 6e the energy functional on 
r°°(S'E(/c)). We have 

(i) d£.a{(p) = [ (V*V(7, <p) dv, for each a e r°°(S'E(r)) and (p G V{a)^. 

Jm 

(ii) If a is a harmonic section of S^ir), then the Hessian form (Hess E)a on V{a)'^ = 
r^r°°(5E(r)) is given by 



(Hess8)^(^= [ {\\V^f -\\(pf\\Vaf)dv. 



Proof If 7 :] - e,£[-^ r°°{SE{r)) is a curve such that 7(0) = a, y(0) = ip e V{a)-^, then we 
obtain 

de,(<^) = -| e(7(t)) = l/" A \\V^fdv= [ {Va,V^)dv. 

dt\t=o 2JMdt\t=o Jm 

Now, using Equation (3.4) and taking into account that M is closed, we get (i). 
For (ii), 

(Hess£),(^ = ^ E{^{t)) = \[ ^ WV^fdv 
at |t=o 2 Jm dt \t=o 

= f T,, (V7,V7')= / (l|V<^||' + (VcT,V7"(0)))dt;. 

Jm dt \t=o Jm 

But, using Equation (3.4) as before, we get 

(Va, V7"(0)) = div((Va)*7"(0)) + (7"(0), V* Va), 

and therefore 

(Hess£)<,(^= / {\\Vpf + {^"iO),V*Va)) dv. 
Jm 

Now, taking into account that ||7(i)lP = a is a harmonic section of the sphere bundle, 

we obtain 

(7"(0),V*Va) = {^"{0),a)\\Vaf = -||<^||2||Va||^ 
Hence (ii) follows. □ 

4. Differential forms as harmonic maps 

Denote by M the vector bundle of p-forms on M and by O^M the space of its sections, 
that is, the space of differential p- forms on M. On M we will consider the natural fibre 
metric (•, ■) defined by 

(^.,$) = ^'(ei,,...,eij^>(ei,,...,eij, (4.8) 

where {ei, . . . ,e„} is a local orthonormal frame. Clearly, the covariant derivative V on QPM 
obtained as an extension of the Levi Civita connection associated to the metric (•, ■) on M is 
compatible with such fibre metric, i.e.. Equation (3.1) is satisfied. 

Next Theorem is a first application of Lemma 3.3 and will be extremely useful in working 
with examples to be able to claim that certain harmonic sections of some particular sphere 
bundles are also harmonic maps. 
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Theorem 4.1. Let (M, (•, •)) be an n- dimensional Riemannian manifold and (^', a pair of 
differential forms of constant length ||*|| = r\ and ||$|| = r2, * G O^'M and $ G '[F'^^M. If 
V = AXj$ and V = /^-^^ /\ 'I'- where A, /i are constants and < p < n, then ^ and $ 
are harmonic maps into the corresponding sphere bundles SciPMifi) and SQp+iM{r2)- 

Proof. For x G M, taking an orthonormal frame field {ei, . . . , e„}, such that (VejCj)^ = 0, it 
follows that 

(V*V*), = -Ve„ (Ve,^) = -A/ie„Xe,L A = -{n~p)Xfi^^, 

(V*V$), = - Ve,. (Ve,$) = -A/ieL A = -{p + l)A/i$,.. 

Hence, (5', is a pair of harmonic sections of the respective sphere bundles and, using (3.5), 
we get 

||V*||^ = -(n - p)Xnrl, ||V$f = -{p + l)A/xri. 
Next, we compute -R($^(.^.)) and .j). It is straightforwardly obtained 

div ((V'I')*Vx^')) = i(n - p + 1)AaiX(||^||2) + X^ia^^, Ve,Xj^>) = X^e^J<^, Ve,Xj$). 

Also it is direct to obtain 

(V[x,]^,V.*) =A2{(Vxe.j$,e,j$) - (e,j$, Ve,Xj$)} 
= - A2{2(^X(||<I>f ) + (e,j$, Ve,Xj$)} 

= -A2(eiJ$,Ve,Xj$). 

Therefore, by Lemma 3.3, we have = 0. We also obtain 

div ((V$)tVx$) =Up + 1)/^^(A|I*IP + ) + A *, {Ve,Xf A *) 

On the other hand, we have 

(V[x,ed^, Ve,<I>) =/^'{((Vxei)^ A ^,el A ^) - ((Ve,X)^ A ^&,e,^ A ^)} 

=^2{i + l)(2p + 1 _ n)X(||vI/f ) - {el A ^, (Ve.X)^ A *)} 
= -M'(e,^A*,(Ve,X)^ AM/). 

Now, using again Lemma 3.3, we have = and then $) is moreover a pair of 

harmonic maps into their respective sphere bundles. □ 



5. Examples of harmonic maps 

First we recall some notions relative to G-structures, where G is a subgroup of the linear 
group GL(n, M). An n-dimensional manifold M is equipped with a G-structure, if its frame 
bundle admits a reduction to the subgroup G. If M possesses a G-structure, then there 
always exists a G-connection defined on M. Moreover, if (M, (•, •)) is an oriented Riemannian 
n-manifold and G is a closed and connected subgroup of SO(n), then there exists a unique 
metric G-connection V*^ = such that G T*M'S>g'^, where g-^ denotes the orthogonal 

complement in so{n) of the Lie algebra of G and V denotes the Levi-Civita connection [12]. 
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The tensor ^'^ is called the intrinsic torsion of the G-structure and V*^ is said to be the 
minimal G-connection. 

5.1. Nearly Kahler 6-manifolds. An almost Hermitian manifold is a Riemannian 2n- 
manifold (M, (•,•)) endowed with an almost complex structure J compatible with the metric. 
The presence of such a structure is equivalent to say that M is equipped with a U(n)-structure. 
Under the action of U{n), the space T*M (8)u(n)"'- of possible intrinsic torsion tensors ^^^"'^ 
is decomposed into irreducible [/(n)-modules: 

(1) if n = 1, G T*M (g) u(l)^ = {0}; 

(2) if n = 2, G T*M (g) u(2)^ = W^^^^ + W]^^^^; 

(3) if n ^ 3, G T*M (g) u(n)^ = W}'^") + W^^""^ + Wg^^"^ + W^^'^l 

where wf^"'^ are the irreducible [7(n)-modules given by Gray and Hervella [19]. The van- 
ishing of U"(n)-components of ^^("■) gives rise to a natural classification of almost Hermit- 
ian manifolds. Associated with the almost Hermitian structure, it is usually considered 
the two form uo = (•, called the Kdhler form. One can use the [/(n)-isomorphism 
^u{n) ^ _^uin)^ _ identify the intrinsic ^(nj-torsion with Voj. Thus, Gray and 

Hervella showed conditions expressed by means of to characterise classes of almost Her- 
mitian manifolds. 

Each fibre T^M of the tangent bundle can be consider as a complex vector space by defining 
iv = Jv. We will write T.,:Mc when we are regarding Tx-M as such a space. If, for all a; G M, 
there exists a complex volume n-form on TxMc defined by 

such that 5'+ and are real global differential n-forms on M compatible with the almost 
Hermitian structure, then M is said to be a special almost Hermitian manifold (see [27] 
for details). Such a fact is equivalent to say that M is equipped with an SU"(n)-structure. 
For higher dimensions, n > 4, the space T*AI (g) su(n)^ is decomposed into five irreducible 
S'U'(n)-modules 'wf^^"'\ . . . The first four modules are such that wf'^''"'^ = 'W]^*-"\ 

i = 1, . . . , 4, and Wg^'^"^ ^ T*M. 

For n = 3, the space T*M (g su(3)^ of intrinsic SI7(3)-torsion tensors is decomposed into 
the following modules ( [8,27]) 

T*M (g su(3)^ = W+ + WJ- + W+ + + ^^^^ + ^^^^ + Wg ^^^^ , 

where W+-t-W- = Wf^^\ i = 1, 2, W^^^^^^ = j = 3,4, Wg^^^^ ^ T*M, Wf^W^^R 

and -W+^W^ =su(3). 

When ^^(") G the almost Hermitian manifold is called nearly Kahler. Gray [18] 

showed that any nearly Kahler and non-Kahler 6-manifold is Einstein. Furthermore, the 
Einstein constant p is positive. In this case, one can consider the 3-form ^+ of type (3, 0) 
such that Siof'^^ = dco, where 5 {wf)'^ = p. Now we define 

and fix ^_|_ -|- i^*- as complex volume form, obtaining an S[/(3)-structure (special almost 
Hermitian structure) on the manifold. Such an SJ7(3)-structure is of type (in this case 
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the "Wg -part of the intrinsic torsion vanishes, see [27]). Thus, we will have a two-form w 
and a three-form such that 

Vxw = wfX^-^+, Vx*+ = -W^X^ A oj, \\uf = 6, \\^+f = 24. 

Hence, the conditions contained in Theorem 4.1 are satisfied. Then we get 

V*Va; = 4 u;, V*V*+ = 3 «)' = %+,(.,)) = 0. 

Additionally, we can also consider the pair consisting of the three-form and the four- 
form uj Alo. Such forms satisfy 

Vx*- = Vjx*+ = -wfJX^ Au = lw^X_i{uj A u), 
Vx {loAu)= 2k;+ A o; = -2u;+X^ A 

||*_|P = 24, ||a; Aa;|p = 144. 
Now, making use again of Theorem 4.1, we have 

V*V*_ = 3 {wtf V*V(a; A a;) = 4 {w+fu A u, = Rio.Au,{;.)) = 0- 

In summary. 

Theorem 5.1. For a nearly Kdhler 6-manifold, the differential forms uj , andcoAuj 
are harmonic maps into their respective sphere bundles. 

5.2. Nearly parallel G2-manifolds. A Riemannian seven-manifold M admits a G2-structu- 
re if and only if there exists a three-form (p on M , nowhere zero, which is G2-invariant and it 
is locally expressed by 

</' = E,ez.ei a4+iA4+3, 
where {cq, . . . ,6^} are certain local orthonormal frame fields. Such frames, usually called 
Cayley frames, are adapted to the G2-structure and the seven-form Cq A • • • A eg = Vol is 
globally defined and fixed as volume form. Thus, corresponding to the volume form there is 
a Hodge star operator *. The four-form *(f) is also G2-invariant and locally expressed by 

*^ = - Eiezr 4+2 A 4+4 A 4+5 A e^g. 

Associated to the G2-structure, we have the minimal G2-connection V^^ = V + 
such that g x*M 0^ C T*M lS?T*M. In this case, the action of G2 decomposes 
the space T*M ® of possible intrinsic torsion tensors into four G2-irreducible modules 
Wf^...,Wf2 [14]. If 

one considers the G2-modules of bilinear forms on equipped with 
the usual Euclidean product (-, •), one can show that Wf^ = R(-, •), W^^ = 02, Wf^ = SgR^*, 
Wf^ =Q2- When ^"^^ ^ ^^02^ ^-^e G2-structure is called nearly parallel. In such a case, 
the manifold is Einstein [17], V x4' = * 4>, Vx * ^ = -jX^ A cj) and p = jq is the 

Einstein constant [24]. Since 4||^|p = || *(p\\'^ = 7.4!, we are in the conditions of Theorem 4.1. 
Therefore, 

V*V</. = ^<P = 4p0, V*V * <^ = ^ * = 4p * /?(^,^.,.)) = /?(.^,(.,,)) = 0. 
In summary. 

Theorem 5.2. For a nearly parallel G2-manifold, the differential forms 4> and *(/) are har- 
monic maps into their respective sphere bundles. 
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5.3. a-Sasakian manifolds. An almost contact metric manifold is a Riemannian (2n + 1)- 
manifold (M, (•, •)) equipped with a (l,l)-tensor and a one-form rj such that {(pX,ipY) = 
{X, Y) — r]{X)r]{Y) and (/?^ = — / + (8> where = ^- The presence of the mentioned 
tensors on the manifold is equivalent to say that M is endowed with a U{n) x 1-structure, 
where U{n) x 1 is considered such that U{n) x 1 C S0{2n + 1). In this case, the cotangent 
space at each point T*M is not irreducible under the action of the group U{n) x 1. In fact, 
T*M = Rr] + ri^ and 

so{2n + 1) ^ A^r*M ^ A^r?-^ +r]^ ARri = u(n) + u(n)j^x + A Rrj. 
Therefore, for the space T*M (?) u{n)-^ of possible intrinsic [/(n) x 1-torsion, we have 

T*M (g) u(n)^ = 77-^0 u(n)j^x + ?? (g) u(n)^x + Arj + ?? ® t?-^ A ??. 

Chinea and Gonzalez-Davila [7] showed that T*M ® u(n)^ is decomposed into twelve irre- 
ducible I7(n)-modules Ci, . . . , C12, where 

r]^ ® u(n)j^x = Si + 62 + 63 + 64, 

r?^(g)r/^Ar? = 65 + 68 + 69 + 66 + 67 + 610, 
77(g) u(n)^x = 611, 
rj^Tj^Ari = 612. 

Note that 61,..., 64 are the Gray and Hervella's U(n)-modules, i.e., 6, = w['*^"''. Further- 
more, note that if restricted to (-^ works as an almost complex structure and, if one considers 
the I7(n)-action on the bilinear forms (^^t/"*", then we have the decomposition 

(g)^ T]^ = M(-, •)|^x + su(n), + (t2-0 + MF + 5u{n)a + u(n) J^, 

where F is the form, called the fundamental two-form, defined by F = (•, 

The modules 5u{n)s (resp., su(n)a) consist of Hermitian symmetric (resp., skew-symmetric) 
bilinear forms orthogonal to (resp., F) and [0"^'°] (u(n)j^x) is the space of anti- 

Hermitian symmetric (resp., skew-symmetric) bilinear forms. With respect to the modules 
6j, one has r/-^ g) 77-^ A Mjy = 0^ r/-^ and, using the L''(n)-map ^^("^ -^u{n)^ ^ jg 
obtained 

65 =M(v)|c^, 68^su(n)„ 69^p'0], 60 = MF, 67 ^ su(n)„ 6io = u(n)^x. 

In summary, under the action of U{n) x 1, the space of possible intrinsic torsion tensors 
T*M (g u(n)-'- is decomposed into: 

(1) if n = 1, ^^(1) G T*M g) u(l)^ = 65 + 66 + 69 + 612; 

(2) if n = 2, ^^^(2) g ^ y(2)^ = 62 + 64 + • ■ ■ + 612; 

(3) if n ^ 3, G T*M (g) u(n)^ = 61 + • • • + 612. 

Here, we will consider the particular case that the intrinsic U{n) x 1-torsion is contained 
in 66. In such a case, M is called an a-Sasakian manifold (Sasakian when a=l) and it is 
characterised by the condition 

VxF = -aX^ A r?. 
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Note that (f = 2na, where d* means the coderivative. Moreover, if n > 2, then a is 
constant [23]. 

Since for ahnost contact metric manifolds one has (Vx??) ^ = (Vx-^) (CiV^^); then, for an 
o-Sasakian manifold, it follows VxV = aX_iF. 

Now, we consider a-Sasakian (2n + l)-manifolds, n > 2, and the pairs of differential forms 
[r] AF'^, F^'^^), where <r <n and F^ = FA ^'^l AF. Such pairs satisfy 

Vx iv A F'') = ^ aXjF''+\ VxF''+^ = -(r + l)aX^ ArjA F\ 

satisfy the conditio 
and llF^'+i^ = Therefore, we get 



Thus, they satisfy the conditions required in Theorem 4.1. Note that Hry A F'^\\^ = 



V*V (r/ A F^) = 2{n - r)a^r] A F^ V*VF''+^ = 2(r + l)a^F'^+\ 
R{r,AFr, (.,.)) = R(Fr+\{.,.)) = 0. 

In summary, 

Theorem 5.3. For an a-Sasakian (2n + 1) -manifold, the differential forms rjAF'^ and F'^'^^ , 
< r < n, are harmonic maps into their respective sphere bundles. 

Note that, in general, a-Sasakian manifolds are not Einstein. Diverse interesting aspects of 
the so-called Sasakian-Einstein manifolds can be found in [4,5]. 

5.4. 3-a-Sasakian manifolds. A (4n-|-3)-manifolds M is said to be endowed with an almost 
contact metric 3-structure, if M has a Riemannian metric (•, •) and three almost contact metric 
structures {ipiXiiVi)^ ^ = 1)2,3, satisfying 

ViiCj) = ^ij, ^iiCj) = -^jiCi) = Ck, Vi ° = -Vj °^i = Vk, 
ifi o ipj - r]j = -^j o^i-m® Cj = ^k, {^iX, ifiY) = {X, Y) - r]i{X)r]i{Y), 

for all cyclic permutation (ijk) of (123). In the language of G-structures, one says that 
the manifold is equipped with an Sp{n) x /3-structure. Here, it is considered Sp{n) x C 
S0{4n) X J3 C SO(4n + 3). 

Now, we will consider (4n + 3)-manifolds endowed with an ahnost contact metric 3-structTire 
such that the three structures are a-Sasakian. If a, is the constant corresponding to the 
structure i, i = 1,2,3, it is immediate to show that ai = 02 = 03 = a. In this case, the 
manifold is called a 3-a-Sasakian manifold {3-Sasakian, when a = 1). Kashiwada [22] proved 
that 3-Sasakian manifolds are Einstein, being p = 2(2n 4- 1) the Einstein constant. 

On 3-a-Sasakian manifolds, we consider the pair of differential forms where 

^^'■^ = E ii r?^ A n(^^ = j:i=iFr'- 

The tensors and ^' are of constant length and 

y^^(r) ^ __^xM^'^\ Vx^^''^ = (r + l)aX A 
Now, making use of Theorem 4.1, we have 

^ 2(2n + 1 - r)a2^'W, V*Vn('^) = 2(r + l)a^n^''\ %«,(.,.)) = = 0- 
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Another pair of differential forms to be considered consists of ^jj^ Vi ^ ^ and 
Fi A F2 A F3, where (^3 denotes cychc sum over the hsted elements. For such forms, we have 

Vx ( ® -11 m A Fj A Ffc) = -aXj (Fi A F2 A F3) 

and 

Vx {Fi A F2 A F3) = A ( Q3I23 ^. p. ^ jp^^ _ 
Since these forms are of constant length, we can use Theorem 4.1. Therefore, 
V*V ( v^ A Fj A Fk) = 2(2n - l)a^ ( rj^ A F,- A F^) , 
V*V (Fi A F2 A Fa) = Ga^Fi A F2 A F3, 

Now, we consider the pair r)i A Fj + r/j A Fj and Fj A Fj, where i ^ j- Since these forms are 
of constant length and 

Vx {r]i A Fj + r]j A F^) = -aXj(Fi A F^), Vx (i^i A Fj) = aX A {r]i A Fj + r]j A F^) , 

then, by Theorem 4.1, 

V* V {rii A Fj + 7]j A Fi) = 4na2 {r]i A F,- + 77^- A Fi) , V* V(Fi A F^) = Aa'^Fi A F^ , 

In summary. 

Theorem 5.4. For a 3-a-Sasakian {An + 3) -manifold, the differential forms Yl^i^iVi A Ff, 
E^=l^^^ ^IjkVi^FjAFk, F1AF2AF3, TjiAFj + rjjAFi andF^hFj, where < r < 2n + l 
and (ijTc) is a cyclic permutation of (123), are harmonic maps into their respective sphere 
bundles. 

Finally, for 3-a-Sasakian manifolds, we will also find some differential forms which are 
eigenvectors with respect to the connection Laplacian and they do not follow the scheme 
contained in Theorem 4.1. In fact, we will discuss the harmonicity as a map of such forms by 
applying Lemma 3.3. For instance, let us consider the three-form 

1? = (2n + 3)?7i A r?2 A ?73 + Y:U ^ A Fj. 

If {ei, . . . , e4„, e4n+i, e4n+2, 64^+3 } is a local orthonormal frame field such that at a; € M is 
the basis for vectors {eix, ■ ■ ■ ,einx-,e.in+ix = Cix,e4n+2x = C2x,e4n+3x = Csx} adapted to 
the 3-Sasakian structure and (VejCj)^ = 0, then 

V*V?7i A r?2 A % = 12(n + 1)0^7/1 A r?2 A r/3 + Aa^ ELi ^ ^i- 
Now, from this last identity, V*V^'^^^ = An^^^^ and using the identities 

E^=f (erj(e. A r,i) = 2{2n + l)r?i, Er=f (er-^i^i) A (e,jF,) = -2Ffe - rji A Vj, (5.9) 
a straightforward computation shows that V*Vi? = 12(n + 1)0^1}. 

Now we compute One can deduce that 1? is of constant length and 

{Vx^, Vy^) = 18(4n2 + lOn + 3)a^{X, Y) - 6{12n^ + 26n + 9)0^ ELi Vi{X)rii{Y). 
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Now, making use of Lemma 3.3, we have 

= 6(12n2 + 26n + 9)g2 Zti EJ=i fe(Vc,e,)< - {Ve^,e^)vj) • 

But, for 3-a-Sasakian manifolds, one obtains 

VCi = a X;s=i i^iei - 93^6^ + 99^-6^ (g) (pkCs - ifte^ ® (pjCs) + a{r]k ^ Cj - rjj ® Cfc), 

where (ijk) is a cychc permutation of (123). Therefore, for i = 1, . . . , 4n and j = 1,2,3, it 
follows 

^i(Vc,ei) = {Ve,O,e,)=0, (5.10) 
and, as a consequence, = 0. 

In the same context of 3-a-Sasakian manifolds, we have 

( Vi A Vj A Ffc) = a ^Ifi m A (XjF, ) ^ Fk - a ^ A Fj A (XjF^) 

-3aX'' A ?7i A r/2 A 773. 

From this identity we get 

Ve., (Ve. ( m A Vj A Ffe) ) = 2a2 e3j;| (es jF,) A (e^ jF,- ) A F^ 

-5a2 03^23 ^. ^ ^. ^^^^ (e.jFfc). 
Thus, taking Equations (5.9) into account, we obtain 

V* V ( ^Ifl rii A rij A Ffe) = 8(n + 2)0^ ^3 Vi A r?^' A + 4a2j^(i) . 

Now, since V*V^^(i) = 4^^(i), it follows 

V*V + (2n + 3) Q)|23 ^. ^ + 2)0^ (^^(i) + (2n + 3) ^. j . 

Writing = J^(^) + (2n + 3) Q^J?^ rji A 77^ A F^, it is straightforward to check 

(Vx*, Vy*) = 6(4n + l)a2(X, - 6a^ ^ti ^?^(^)^^(^)• 
Now, making use of Lemma 3.3, we have 

Again, using Equation (5.10) and the fact that ^' is of constant length, we obtain (.,.)) = 0. 

Finally, since for 3-a-Sasakian manifolds we have 

Vx(r?i A rij) = a{X^Fi) A rjj + rji A (XjF,), 

Ve.p (Ve,(??i A r]j)) = 0^(2(65 jFi) A (e^jF,) - 2?/^ A 77^ + Vi{es)el A ry^- + r)j{es)vi A e^), 

we obtain V*V(r/i A 77^) = 2a'^{2Fk + (4n -|- 3)77^ A ?7j). As a consequence, for any {ijk) cyclic 
permutation, we have 

V*V(Ffc + (271 + l)77i A 77j) = 2(471 + ?>)a^{Fk + (27i + 1)77^ A 77^). 
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Moreover, it is direct to check that 

(Vx(i^fc + (2n + l)r]i A Vj),'^Y{Fk + (2n + l)r]i A r]j)) =2(2(2n + l)^ + l)a^{X,Y) 

- 2(2n2 + 2n + l)a^ ^Li m{XMY). 
Therefore, using Lemma 3.3 and Equation (5.10), we get 

^(^^,+(2n+i)^.A^,,(.,» = 2(2n2 + 2n + l)a^ Yti Y^=i (^.•(Vc,e.)e^ - (Ve,0, e,)r?,) = 0. 
In summary. 

Theorem 5.5. For a 3-a-Sasakian (An + 3) -manifold, the differential forms 

(2n + 3)r?i A % A r/3 + ^^^^ r?i A F^, 
ELi a i^, + {2n + 3) e -f »7i A r)j A F^, 
Ffc + (2n + l)?7i Ar/^-, 

where (ijk) is a cyclic permutation of (123), are harmonic maps into their respective sphere 
bundles. 

5.5. b-Kenmotsu manifolds. Next we will consider almost contact metric manifolds M 
such that the intrinsic U{n) x 1-torsion is contained in C5. In such a case, M is known as a 
b-Kenmotsu manifold and it is characterised by the condition 

VxF = briA{XjF). 

Note that VxiJ = —bX^ + brj{X)rj and div ( = —d*r] = —2nb, where d* stands for the 
coderivative as we have pointed out above. The exterior derivative will be denoted by d. For 
b-Kenmotsu manifolds, 7] is closed and b is a function such that db = frj [23]. 

Proposition 5.6. For b-Kenmotsu manifolds, we have: 

V*V(F'') = 2r62F^ 
RiFr,i.,)) = 2rb\\F^\\\rb^ - f)rj, 
V*V{r]AF'') = 2{n-r)b'^r]AF'', 
%,AF^(,.» = 2(2r + l)(n-r)||Fni'5(62-/)77, 
where < r < n. Moreover, we also have: 

(a) i?(j7r^^. = if and only if one of the following equivalent conditions is satisfied: 

(i) 'dbiO = rb\ 

(ii) 2ngrad (div (C)) = -rdiv^ (C)C, 

(iii) 2n lS.ri = r{(fvif'ri; 

(b) r ^. .y^ = if and only if one of the following equivalent conditions is satisfied: 

(i) dbiO = b\ 

(ii) 2ngrad(div(C)) = -div2(C)C 

(iii) 2nA?7 = {d*r}fr]; 

where A denotes the Hodge Laplacian, A = d(f + (td. 

Note that Rf^p"- ,{■,■)) and R^^iaf^ ,{■,■)) are always closed and, in particular, if div^ = — cT?? = 
—2nb is a non-zero constant, then i?(^r_^. and R(^fj/\Fr, {.,.)) are nowhere zero. 
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Proof. By straightforward computation we obtain the expressions for V*V(F'') and V*V(77 A 
-F^). Furthermore, from the identities 

{VxFWyF') = ^-^b^F^\\\{X,Y)-rjiX)rjiY)) 

and 

{Vxiv A F^), Vrir) A F^) = (2r+i)(n-0 ^2||^.||2(^^^ Y) - viXMY)), 

using Lemma 3.3, the expressions for i?(^-r^. .^j and R(riAF^, {■,■)) follow. Prom these last ex- 
pressions the remaining parts of Proposition are immediately deduced. □ 

Example 5.7. The one-form rj is closed for 6-Kenmotsu manifolds. This implies that one 
has local coordinates (xi, . . . ,X2n,X2n+i) such that dx2n+i = ij- If ^ is a constant, we have: 

(a) F^ is a harmonic map if and only if 

b{xi, . . .,X2n,X2n+l) = 7 , 

r[X2n+l + k) 

(b) ?7 A F'' is a harmonic map if and only if 

1 



b{xi, . . .,X2n,X2n+l) = " 



X2n+1 + k ' 



In [23], Marrero considers the product manifold M = L x V, where L is or an open 
interval, and {V, J, (•, ■)v) is a Kaliler 2n-manifold. Let E he a nowhere vanishing vector field 
on L and a a positive function on L. Taking 

ip{cE,X) = {0,JX), C = {E,0), {{cE,X),{dE,Y))=cd + a{X,Y)v, 

where c,d are functions on L and X, Y are vector fields on V, a 6-Kenmotsu structure is 
obtained, b = —^d{lna){E). In particular, we consider L as an open interval and = ^, 
where t is the coordinate. For K and C 7^ constants, two interesting particular cases are: 

2 

(a) ' If we choose a = C{t + K)r^ we will obtain that F'^ is a harmonic map into sphere 

bundle. In fact, one checks that b = —jjp^ and db{C,) = rb"^ = f^^qr^p'- 

(b) ' If we choose a = C{t + K)'^, we will obtain that A F*" is a harmonic map into a 

sphere bundle. In fact, one obtains b = and db{C,) = 6^ = jp^j^- 

5.6. Locally conformal parallel p-forms. Throughout this subsection, we are assuming 
that ^' is a p-form of constant length. 

Definition 5.8. A p-form \1' on a Riemannian n-manifold M is said to be locally conformal 
parallel, if there exists a closed one-form 6 on M such that 

Vx^- = A (^^j^-) - ^ A (Xj^-), (5.11) 

for all X G X{M). We will refer to the one- form 9 as the Lee form of 

The following results will be useful in examples. 
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Proposition 5.9. If is a locally conformal parallel p-form on a Riemannian n-manifold 
M with Lee form 9, then its coderivative d*'^ and its rough Laplacian V*V^' are respectively 
given by 

d*-^ = {p- n)e^^^, 

V*V^' = p\\9f^ + (n - 2p)e A {9^^^). 

In particular, if 2p = n, then is a harmonic section of its corresponding sphere bundle. 

Proof. The expression for d*"^ is obtained by a direct computation. In order to compute 
(V*V^')to,, for m € M, we will consider a local orthonormal frame field {ei, . . . , e„} such that 
(Ve. Gj)m — 0. Thus, because ^' is locally conformal parallel, we have 

(V*V^)^ = -e\ A (e«j(Ve,*)) - e\ A ({Ve,9f^^) + Vefi A (eij^) -9^ d*^. 

Now, using the expression for V^* given in (5.11) and the identities Cj A (eij^*) = and 
A 6* A (6'f j(ei J*)) = {p - 1)9 A (6'f j*), we obtain 

-el A (0"j(Ve,*)) = -p9 A +p\\9f^. 
Moreover, because 9 is closed, we have (Vx^)(^) = {^y9){X) and it is not hard to see that 

4 A ((Ve,^)"j*) = Ve,^ A (ei^^). 
Finally, from all this, the required expression for V*V^' follows. □ 

In the examples below, in order to apply Lemma 3.3, we will need to compute {Vx^, Vy*). 
For doing this we will use (5.11) to obtaine the expression 

(Vx*,Vy*) = p\\9^j^f{X,Y)+p\\9f{Xj^,Y^^) (5.12) 

-p9{X){9h'i',Y^'^) -p9{Y){9^j^,Xj^) 

-2p(p- l)(Xj(^*j*),Fj(e"j*)). 

Example 5.10 (Locally conformal Kahler manifolds). An ahnost Hermitian 2n-manifold 
(M, (•,•), J) of type 'W4 is characterised by the condition that its Kahler two-form is given by 

Vxi^ = X^ A {9^jLo) -OA (Xjij). 

Prom this identity and the nature of lo, one can deduce that 9 has to be closed. Thus, u; is a 
locally conformal parallel two-form. 

Proposition 5.11. // the Lee form 9 of lo is not zero somewhere and r < n, then is a 
harmonic section of its corresponding sphere bundle if and only if2r = n. 

Proof. Direct computations show that 

IKf = \\X.url\^ = S^\\xr. (5.13) 

Moreover, since Vjcw'' = X^ A {9hoj'') - 6* A {Xjuj''), it follows from Proposition 5.9 that 

V*Vu;^ = 2r||0|l V + 2{n - 2r)9 A {9^joj''). 

Additionally, if V*Va;'' = /cu'', taking into account that (X^ A/9,7) = PiP^Xj'j) into account 
for any (p — l)-form /? and p-form 7, we have 

/ll^nP = 2r||^|p||a;nP + 4r(n - 2r)\\e^jLo'-f. 
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Now, making use of (5.13), we obtain 

f = '-^\\Or- (5.14) 

On the other hand, if we consider a local adapted orthonormal frame {ei, Jei, . . . ,e„, Je„} 
such that 6 = ||0||ei, by computing V*Va;^(ei, Jei, . . . , e^, Je^), we have 

2r\\9fr\ + 2{n-2r)\\9fr\ = fr\. 

Therefore, / = 2(n - r)||6'|p. From this and (5.14), it follows n = 2r. □ 

In order to compute (Vx'*^'^; Vyo;''), a straightforward computation shows that 

{x40.un,Y4e.un) = ^'^■%'J;\r'^- {{r-im\Hx,Y) 

-(r - l)e{X)e{Y) + (n - r)je{X)J9{Y)} . 

From this, (5.12) and (5.13), we obtain 

(Vx^'WyCU^-) = 2rr!(20Kn-2)! (||g||2^^^y^ _ g(X)g(F) - je{X)je{Y)). 

Finally, choosing a local orthonormal frame field as above such that 9 = ||^||ei, we will have 
||e||div(ei) = -d*9 - d(||^||)(ei) and ||^||div(Jei) = -d*{J9) - d(||^||)(Jei). Moreover, since 
9 is closed, then Vgtt^ = ||^l|(i(||0||). Taking all this into account and the fact that 2r = n as 
well, and making use of Lemma 3.3, we will obtain 

= i(n - l)(n!)2 (-(n - 2)d{\\9\\^) +d*99 + d*{J9) J9 + V jeiJ9) . 

In particular, if the Lee form 9 is parallel, then it is not hard to see that Vjg^J9 = and 
d*{J9) = d*u;{9i) = 2(n - l)J9{9i) = 0. Therefore, = 0. 

Theorem 5.12. For a locally conformal Kdhler An-manifold, is a harmonic map into its 
sphere bundle if and only if 

(n - 2)d{\\9f) = {d*9) 9 + d*{J9) J9 + Vje^J9, 

where 9 is the Lee form of u. In particular, if 9 is parallel, then uj" is a harmonic map into 
its sphere bundle. 

Hopf manifolds are diffeomorphic to x S'^^~^ and admit a locally conformal Kahler 
structure with parallel Lee form 9 [32]. Furthermore, 9 is nowhere zero. In particular, if 
m = 2n, then x S^^~^ satisfies the conditions of last Theorem. In general, if we consider 
a Sasakian (4n — l)-manifold M, then the product manifold R x M can be equipped with a 
locally conformal Kahler structure satisfying the conditions of Theorem 5.12. 

Example 5.13 (Locally conformal parallel Spin (7)-manifolds). Now, let us consider en- 
dowed with an orientation and its standard inner product. Let {e, eo, ee} be an oriented 
orthonormal basis. Consider the four-form $ on given by 

$ = ^ e A ej A Cj+i A ei+3 - (J ^ ei+2 A ei+4 A ei+5 A ei+6, (5.15) 

where a is a fixed constant such that cr = +1 or cr = —1, and -|- in the subindexes means the 
sum in Z7. We fix e A cq A • • • A eg = ^$ A $ as a volume form. 

The subgroup of GL(8, M) which fixes ^ is isomorphic to the double covering Spin{7) of 
S0(7) [20]. Moreover, Spin(7) is a compact simply-connected Lie group of dimension 21 [6]. 
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The Lie algebra spin(7) of Spm{7) is isomorphic to the skew-symmetric two-forms ip satisfying 
the hnear equations 

for all i e Z7. Shortly, $pm(7) = {tp e A^T * M\ * {ijj A ^) = ip}, where * is the Hodge 
star operator. The orthogonal complement 5pin(7)-'- of spin(7) in A^M^* = 50(8) is the seven- 
dimensional space generated by 

Pi = aci A e + Cj+i A e^+s + ei+4 A ej+5 + 64+2 A ej+g, (5.16) 

where i G Z7. Equivalently, spin(7)"'" is described as the space consisting of those skew- 
symmetric two-forms ip such that A = —Sip. 

A Spin{7) -structure, on an eight-manifold is by definition a reduction of the structure 
group of the frame bundle to Spin{7); we shall also say that M is a Spin{7) -manifold. This can 
be geometrically described by saying that there exists a nowhere vanishing global differential 
four- form $ on and a local frame {e, eo, . . . , eg} such that the four- form $ can be locally 
written as in (5.15). The four-form $ is called the fundamental form of the Spii!(7)-manifold 
M [2] and the local frame {e, eg, . . . , eg} is called a Cayley frame. 

The fundamental form of a Spin(7)-manifold determines a Riemannian metric (•, ■) through 
{X,Y) = -7 * ((Xj$) A * (yj$)) [16]. Thus, (•,•) is called the metric induced by Any 
Cayley frame becomes an orthonormal frame with respect to such a metric. 

There are four classes of Spin(7)-manifolds given by Fernandez in [13]. They are obtained 
as irreducible Spin(7)-representations of the space W = M^*(8)SpitT(7)"'- of all possible covariant 
derivatives V$. The Lee form 9 is defined by 

^ = -i*(*d$A$) = ^*(d*$A$). (5.17) 

Alternatively, the classification can be described in terms of the Lee form as follows : Wq : 
d^ = 0; Wi:e = 0; W2 : d<i> =_eA W -.W = Wi+W2 [25]. 

A Spiii(7)-structure of the class W2 is called a locally conformal parallel Spin(7) -structure. 
This is motivated by the fact that the Lee form of a Spin(7)-structure in the class W2 is closed. 
Therefore, such a manifold is locally conformal to a parallel Spii!(7)-manifold. Furthermore, 
the covariant derivative V$ for such manifolds is given by 

4Vx^ = a:^a(0"j$)-0a(a:j$). (5.18) 

Theorem 5.14. The fundamental form ^ of a locally conformal parallel Spin{7) -structure 
is a harmonic section of its corresponding sphere bundle. Furthermore, if 6 denotes the Lee 
form of the Spin{7) -structure, then ^ is a harmonic map into its sphere bundle if and only if 
{d*0)0 = 3d{\\e\\'^). 

In particular, since the Spiii(7)-structure defined on the product of spheres x S'^ in [25] 
is locally conformal parallel being the Lee form parallel, the corresponding four-form $ on 
X 5^ is a harmonic map into its sphere bundle. 

Proof of Theorem 5.14. From Proposition 5.9 and Equation (5.18), we have V*V$ = 
Additionally, straightforward computations show that 

(Xj$,yj$) = 42(A:,y), 
(a:j(0«j$), yj(^«j$))) = 6 (ll^f {a:, y) - e{x)e{Y)) . 
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Now, using these identities in Equation (5.12), we obtain 

(Vx<i>, Vy^) = 12 {\\ef{x, Y) - e{x)e{Y)) . 

Finally, making use of Lemma 3.3, we get 

i?($,<.,)) = 12((d*^)^-3d(||^f)). 

This concludes the proof. □ 

Example 5.15 (Locally conformal quaternion-Kahler manifolds). A 4n-dimensional manifold 
M is said to be almost quaternion-Hermitian, if M is equipped with an Sp{n) Sp(l)-structure. 
This is equivalent to the presence of a Riemannian metric (•, •) and a rank-three subbundle 
9 of the endomorphism bundle End TM, such that locally S has an adapted basis I,J,K 
satisfying = = -1 and K = IJ = - JI, and {AX, AY) = {X,Y), for all X,Y e T^M 
and A = I,J,K. An almost quaternion-Hermitian manifold with a global adapted basis is 
called an almost hyperhermitian manifold. In such a case the manifold is equipped with an 
S'p(n)-structure. 

One may define a global, non-degenerate four-form il, the fundamental form, by the local 
formula 

O, = LOA^i^A, (5.19) 

A=I,J,K 

where loa{X,Y) = {X,AY), A = I,J,K, are the three local Kahler-forms corresponding to 
an adapted basis. 

To describe the intrinsic torsion of almost quaternion-Hermitian manifolds, it is usually 
used the E-if-formalism of [26,30]. Thus, E is the fundamental representation of Sp{n) on 
£2n ^ jjn ^-^^ Yeft multiplication by quaternionic matrices, considered in GL(2n, C), and H 
is the representation of Sp{l) on = EI given by q.(^ = (q, for q G Sp{l) and ^ G H. An 
Sp(n) Sp(l)-structure on a manifold M gives rise to local bundles E and H associated to these 
representations and identifies TM C = E(g)c-ff. 

The intrinsic Sp{n) Sp(l)-torsion ^, n > 1, is in T* M^{sp(n) + 5p(l))"'". The decomposition 
of the space of possible intrinsic torsion tensors into irreducible Sp{n) Sp(l)-modules was 
obtained by Swann in [30] and is given by 

T*M ® (sp(n) -hsp(l))-^ = AIeS^ H+KS^ H+ES^ H+AIeH+KH+EH, (5.20) 

where Aq E and K are certain irreducible S'p(ra)-modules and H means the symmetric 3- 
power of H (see [26] for details). If the dimension of M is at least 12, all the modules of the 
sum are non-zero. For an eight-dimensional manifold M, we have AQES'''-ff= AqEH= {0}. 
Therefore, for dimM > 12 and diniM = 8, we have respectively 2® = 64 and 2^^ = 16 classes 
of almost quaternion-Hermitian manifolds. In [26], by the identification ^ — > —^Q, = VO, 
explicit conditions characterising these classes were given. So that they are expressed in 
terms of VJl. However, from such conditions, it is not hard to derive descriptions for the 
Sp{n) Sp( l)-components of ^. 

A locally conformal quaternion-Kahler An-manifold is an almost quaternion Hermitian man- 
ifold such that its intrinsic torsion ^ is in EH. This is equivalent to say that 

Vx^ = x^ A (e^M) -OA (XM), 
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where the Lee form 9 is given by 

^= 4(n-lK2n+l) *(*^^^^)- 

Because of the nature of Jl, from dVL = AO AO,, one deduces that 9 has to be closed. From 
Proposition 5.9 the next result foUows. 

Theorem 5.16. For a locally conformal quaternion- Kdhler 8n-manifold, is a harmonic 
section of its corresponding sphere bundle. 
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